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We investigate the chiral dynamics of gauge theories developing an infrared stable fixed point. We 
determine the dependence of the bilinear fermion condensate on the underlying fermion mass and 
its anomalous dimension. We introduce the instanton contributions and investigate how they affect 
the dynamics near the fixed point. We generalize the Gell-Mann Oakes Renner relation and suggest 
to use it to uncover the presence of an infrared fixed point of the underlying gauge theory. Our 
results have an immediate impact on the construction of sensible extensions of the Standard Model 
of particle interactions and the general understanding of the phase diagram of strongly coupled 
theories. 



Non-abelian gauge theories exist in a number of dis- 
tinct phases which can be classified according to the char- 
acteristic dependence of the potential energy on the dis- 
tance between two well separated static sources. The 
collection of all of these different behaviors, when repre- 
sented, for example, in the flavor-color space, constitutes 
the Phase Diagram of the given gauge theory. 

Knowing the phase diagram of strongly coupled theo- 
ries has an immediate impact on the construction of sen- 
sible extensions of the Standard Model (SM) of particle 
interactions . Dynamical breaking of the electroweak 
symmetry is a time-honored example [2J |3] . The use of 
fermions transforming according to higher dimensional 
representations of the new gauge group is leading to sev- 
eral interesting phenomenological possibilities [H 13 |B] 
such as Minimal Walking Technicolor (MWT) [7] and Ul- 
tra Minimal Walking Technicolor (UMT) [g. These mod- 
els lie close, in theory space, to theories with non-trivial 
infrared fixed points (IRFP)s [4) In the vicinity of 
such a zero of the beta-function the coupling constant 
fiows slowly, i.e. walks (TUl El EH US] . Knowledge of the 
phase diagram is relevant also to provide natural ultra- 
violet completions of unparticle models [U |T5] . To 
gain analytic insight one can use the conjectured all-order 
beta function for nonsupersymmetric gauge theories [9] 
together with the constraints from the unitarity of the 
conformal operators [TB] . Other approaches are based on 
the older truncated Schwinger-Dyson approach (SD) [T7] 
or more recent ideas |.18. . The analytical phase diagram 
obtained by this approach, and a comparison of it to re- 
cent lattice results [TIllinillIlllllll3IMl|25l[5i[17],is 
summarized in [T] . 

The goal here is to study the chiral properties at the 
IRFP, i.e. the conformal chiral dynamics. 

Conformal Chiral Dynamics: Our starting point is a 
nonsupersymmetric non-abelian gauge theory with suf- 
ficient massless fermionic matter to develop a nontriv- 
ial IRFP. The cartoon of the running of the coupling 
constant is represented in Fig. [T| In the plot Kjj is 
the dynamical scale below which the IRFP is essentially 
reached. It can be defined as the scale for which a is 
2/3 of the fixed point value in a given renormalization 



scheme. If the theory possesses an IRFP the chiral con- 
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FIG. 1: Running of the coupling constant in an asymptoti- 
cally free gauge theory developing an infrared fixed point for 
a value a = a* . 

densate must vanish at large distances. Here we want to 
study the behavior of the condensate when a fiavor sin- 
glet mass term is added to the underlying Lagrangian: 

AL = -mipil) + h.c. , (1) 

with m the fermion mass and '0^ as well as ip'j left trans- 
forming two component spinors, c and / represent color 
and fiavor indices. The omitted color and fiavor indices, 
in the Lagrangian term, are contracted. We consider first 
the case of fermionic matter in the fundamental represen- 
tation of the SU{N) gauge group. We then generahze our 
results to the case of higher dimensional representations. 

The effect of such a term is to break the conformal 
symmetry together with some of the global symmetries 
of the underlying gauge theory. The composite operator: 

O^/; = ¥^s , (2) 

has mass dimension = 3 — 7„i with 7„j the anoma- 
lous dimension of the mass term. At the fixed point 7^ 
is a positive number smaller than two [HI. We assume 
m <JC Ku . Dimensional analysis demands: 

AL^-mA^"Tr[0^^] + h.c. . (3) 

The mass term is a relevant perturbation around the 
IRFP driving the theory away from the fixed point. 
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It will induce a nonzero vacuum expectation value for 
itself proportional to 5f . It is convenient to define 



Tt[0^^] = NfO with O a flavor singlet operator. The 
relevant low energy Lagrangian term is then: 



m Ajp NfO + h.c. 



(4) 



To determine the vacuum expectation value of O we re- 
place it, formally, with a sum over an infinite number of 
canonically normalized single particle states |28j : 



0{x) = ^ fn^n{x) 



(5) 



Each state possesses a mass M„ whose value is controlled 
by an artificial mass gap A and a function of n, call it 
z{rL), with the properties z(n+ 1) > z{n) and z(l) = 1. 
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We also have [21 

fn = 



(6) 



(7) 



with J^d^^ a function depending on the scaling dimension 
of the operator as well as the details of the underlying 
dynamics [13] • Because of the presence of the fictitious 
mass terms the potential reads: 



V = mAl-NfJ2fr 



(fin + m Ajp Nf ^ /„(/?„ 



n=l 



(8) 



The ultraviolet and infrared cutoffs are introduced to 
tame the integral in the respective regions. A simple 
physical interpretation of these cutoffs is the following. 
At very high energies, at scales above A^/, the under- 
lying theory flows to the ultraviolet fixed point and we 
have to abandon the description in terms of the com- 
posite operator. This immediately suggests that A^/y is 
naturally identified with Aj/. The presence of the mass 
term induces a mass gap, which is the quantity we are 
trying to determine. The induced physical mass gap is a 
natural infrared cutoff. We, hence, identify Am with the 
physical value of the condensate. We find: 



i^fiij}} cx -mA^log 



-mAlj , 



2 i„„ 



\m 



< 7,„ < 1 , (13) 

, 7m ^ 1 , (14) 

1< 7™ < 2 . (15) 



We used {ipip) ~ Ajp {O) to relate the expectation value 
of O to the one of the fermion condensate. Via an allowed 
axial rotation m is now real and positive. It is instructive 
to compare these results with the ones obtained via naive 
dimensional analysis (NDA) [53] also discussed in [50] 
and in IT51. We find: 



(V^fV/)NDA oc -m^+-J™ A 



u 



(16) 



Note that one recovers the previous scaling as function of 
m (up to logarithmic corrections) only for 1 < 7„i < 2. 
The failure of NDA for a smaller anomalous dimension is 
due to the fact that the ultraviolet physics is not captured 
by NDA [Tg. 



The bar over the fields and the fermion mass indicates 
complex conjugation. The extremum condition yields: 



(V3„) = -mAjpNf 



fn 



yielding: 



{O) 
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(9) 



(10) 



We now take the limit ^ and the sum becomes an 
integral. For any specific function z(n) it is easy to show 
that: 



(O) = -mAl-NfTd^ n [Auv,^ir] , (11) 



with 



n[Auv,J^iB] = 



1 - 7n 



A 



2(1-7™) 
uv 



-A 



2(1-7™) 
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(12) 



Instantons: The underlying gauge theory suffers of an 
axial anomaly resulting in an explicit breaking of the 
Ua{^) symmetry. To take into account this phenomenon 
we add the following instanton-induced term to the po- 
tential of the theory [3Ill3a[33J|31[5g[3i[371Ell[3SllD]: 



cA^ 



det 



O 



U ,dy.Nf 



h.c. = 



+ h.c. 



A 



(17) 



In terms of the fields (pm the VEV equation reads: 



A 



mNfAl"" +cNf 



(18) 

We search for a solution of the previous equation of the 

A 

sion we deduce: 



form {(fi) = a -jj^,- Substituting in the previous expres- 



(19) 
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with 



C = 



cNf 



Nf-4 



M 



Nj-l 



(20) 
(21) 



We have already taken the A — > limit in ( 20 1 . We 



analytically solve for a in the two extreme cases, i.e., no 
instanton contribution (c = 0): 

\a\ = \M\ , da ^Tr{l + 2k) ~6ai wither .{22) 

6a and Sm are the phases respectively of a and M. This 
solution was found above. In the limit in which the in- 
stanton term dominates over the linear term in a the 
solution is: 



\a\ _ /'|M|2"^/ 



\C\ 



Sa 



6c - 7r(l - 2k) 



Nf 



(23) 



k is an integer. In the instanton dominated (ID) limit: 

1 

The J-d^^ ^ [Ay , Aju] term cancels. Explicitating the 
mass term dependence: 



(V'{V'/)lD OC 



At 



(25) 



This ID contribution dominates for large values of the 
fermion mass . 



In the small mass regime we can solve ( 19 1 perturba- 
tively in the mass. This expansion is well defined for 
< 7m < 1 since here the C coefhcient is not affected by 
the IR divergence. To the next leading term in m: 



(O) c -{M+{-M)^f-' C) Td,n [Auv,A 



IR\ 



(26) 



The introduction of 6'-term is a source of strong CP 
violation appearing at low energies via the identification 
6m = 6m + ^ and 6c = + Nfoj with 6m the phase of 
the fermion mass and to an overall axial rotation. Us- 
ing Lu one can rotate away one of the two phases but 
not both simultaneously. The net result is the pres- 
ence in the action of 6eff = — Nf6m and we find 

e//-^(l- 2fc)^ 

the all-order beta function [9 an anomalous dimension 
smaller than one requires, for fermions in the fundamen- 
tal representation, a number of flavors larger than lliV/3. 
Even for N = 2 the number of flavors needed is suffi- 
ciently large to predict that the instanton corrections are 
negligible. In the case of fermionic matter transform- 



(0)iD - Exp[- 



-]|(0)id|. According to 



ing according to higher dimensional representations the 
effects of the instantons are more relevant since fewer 
flavors are needed to reach the conformal window [4] re- 
ducing the exponent of the instanton induced term. Be- 
sides, for any representation, in the region 1 < < 2, 
instantons are relevant as we shall demonstrate below. 

2 Dirac Fermions, 2-index Symmetric Represen- 
tation of SU(3): There are lattice indications that this 
theory may develop an IRFP 21J. The instanton induced 
potential term here has the lowest possible exponent, i.e. 
Nf = 2. The all-order beta function predicts jm = 1-3. 
This is the regime where the instanton term cannot be 
neglected. We obtain: 

2me'^-A]rTd^ n\Auv,Aii^] 
(O) = - (27) 

^ ' X , 2|c| cos((5„+5e) T- OTA A 1 ' ^ ' 

COS 6a + ' ' 2d- -4 ' ^d J , ^ [Auv , A/flJ 

where m > 0, 9f.ff = 0, 6m = tt and sm6a ~ \C\ sin(5a -f 
6c) determines 6a- For 7„i > 1 f2 is IR dominated leading 
to: 



rather than 



{C1X2}\ 



m 
c 



-Al + 0{m^), (28) 



3-Tn 



Ar 



(29) 



valid for 1 < 7^ < 2 but without the instanton term. 
Without using the information of the beta function one 
might still imagine the possibility that the anomalous 
dimension is smaller than one. In this case is UV 
divergent, we replace Auy with Ajj and find that the 
dependence of the condensate on the mass is still linear. 

2 Dirac Fermions in the Adjoint Representation 
of SU(2): This theory is also being investigated on the 
lattice [III EHl [221 |23l El]. Here the instanton induced 
term has 2Nf = 4 as exponent and one can still solve 
analytically for the condensate. If the underlying confor- 
mal theory possesses an IRFP according to the all-order 
beta function 7™ = 3/4 then the condensate has a linear 
dependence on the fermion mass. It has a dependence 
proportional to ms for larger values of the mass. 

Conformal Pions: At any nonzero value of the fermion 
mass the chiral and conformal symmetries are explicitly 
broken and single particle states emerge at low energies. 
The relevant ones here are the conformal pions, i.e. the 
would be Goldstones which in the limit of zero fermion 
mass cannot be described via single particle states. We 
identify them via 



) ^ (0)U with U^e' 



(30) 



TT = 7r°T° and T° are the set of broken generators nor- 
mahzed according to Tr [T^T*] = (5'^H/2. Substituting 
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( 30 1 in ([3]) and expanding up to the second order in the 
pion fields we have: 



mlFl^~mKl-{0[m]) 



(31) 



Having determined the dependence on m of (0[to]) the 
above generalizes the similar one in QCD [IT] H^l 135] 
known as the Gell-Mann Oakes Renner (GMOR) rela- 
tion. This relation can be used to discover and classify, 
in a physical way, different conformal fixed points. For 
example for the theories investigated above we expect, 
for a very small fermion mass, rn'^F^ — rn^Afj. At larger 
masses the scaling is different for the three cases and it 
can be easily deduced from our results. A similar ef- 
fective Lagrangian was introduced in |15j . Assume now 
that the underlying gauge theory has not developed an 
IRFP. In this case there are only two possibilities: i) chi- 
ral symmetry breaks spontaneously yielding a condensate 
whose leading term in m is a constant; ii) chiral sym- 
metry is intact but a scale is still generated. Chirally 
paired partners emerge together with massless compos- 
ite fermions appearing to saturate the 't Hooft anomaly 
matching conditions. One can investigate the finite vol- 
ume effects using the conformal pion lagrangian in the 
e-regime jH]. 

We presented a novel analysis of the nonperturbative 
physics related to the chiral dynamics of theories pos- 
sessing an IRFP. The results are testable via first prin- 
ciples lattice simulations. Deviations from the QCD-like 
GMOR relation can be used to disentangle conformal dy- 
namics from non-conformal dynamics. The low energy 
effective theories presented here, for the conformal pi- 
ous, can be extended to describe dynamical breaking of 
the electroweak symmetry featuring nearly conformal dy- 
namics such as MWT and UMT. The signals from MWT 
at the LHC are being investigated while UMT also leads 
to interesting dark matter candidates ^ . 
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